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Optimal Control

ﬂ Optimal Control — Continuous Time Setting
@ Linear Quadratic Regulator
@ Control-Affine Nonlinear Systems
@ Inverse Optimality

e Optimal Control — Discrete Time Setting
@ Definitions and notations
@ The Linear Quadratic Regulator

e From Infinite to Finite Dimensional Optimization
@ The Principle of Optimality
@ Constrained Optimal Control for Linear Systems
@ Dynamic Programming & the Backward Recursion
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Section 1

Optimal Control — Continuous Time Setting
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Optimal Control — Continuous Time Setting

We consider continuous time system
&(t) = f(z(t),u(?)), =(0)==z0 €R™ (1)

By assumption

@ f:R™ x R™ — R™ locally Lipschitz continuous
Set of inputs and set of solutions:

U ={u(-) : R>g — R™| u(-) measurable}

X ={z(): R;O — R™| z(-) is absolutely continuous}
We say that

@ (z(-),u(-)) € X x U is a solution pair if it satisfies (1)
for aimost all t € R>.
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Optimal Control — Continuous Time Setting

We consider continuous time system
&(t) = f(z(t),u(?)), =(0)==z0 €R™ (1)

By assumption

@ f:R™ x R™ — R™ locally Lipschitz continuous
Set of inputs and set of solutions:

U ={u(-) : R>g — R™| u(-) measurable}

X ={z(): R;O — R™| z(-) is absolutely continuous}
We say that

@ (z(-),u(-)) € X x U is a solution pair if it satisfies (1)
for aimost all t € R>.

Note that:

@ The condition for almost all t € R>q allows a larger
class of solutions z(-).

@ |t is sufficient if z:(-) is continuously differentiable for
almost all t > 0.

@ u(-) can be piecewise continuous, for example.

@ [f the initial condition is important (or not clear from
context), we use z(-;zg) € X and u(-;x0) € U
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Optimal Control — Continuous Time Setting

We consider continuous time system For (z(-),u(:)) € X x U we define

i(t) = f(z(t),u®)), =x(0)=zo€R" 1) @ Cost functional (or performance criterion)

) J:R" xU — RU{too} as
By assumption

@ f:R™ x R™ — R" locally Lipschitz continuous J(zo,u(-)) = / L(x(7), u(T))dT.
Set of inputs and set of solutions: 0
) ] 0 R™ m
U = {u(-) : R>9 — R™| u(-) measurable} Running cost: £: R™ x R™ — R

X = {z(-) : R>¢ — R"| z(-) is absolutely continuous} ® (Optimal) Value function: V : R™ — R>o,

We say that V(wo) = u?})igu J(z0,u(-))
@ (z(-),u(-)) € X x U is a solution pair if it satisfies (1)
for aimost all t € R>.
Note that:

@ The condition for almost all t € R>q allows a larger
class of solutions z(-).

(We assume that the minimum exists!)

@ |t is sufficient if z:(-) is continuously differentiable for
almost all t > 0.

@ u(-) can be piecewise continuous, for example.

@ If the initial condition is important (or not clear from
context), we use z(-;zg) € X and u(-;x0) € U
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Optimal Control — Continuous Time Setting

We consider continuous time system
&(t) = f(z(t),u(?)), =(0)==z0 €R™ (1)

By assumption

@ f:R™ x R™ — R™ locally Lipschitz continuous
Set of inputs and set of solutions:

U = {u(-) : R>9 — R™| u(-) measurable}

X ={z(-) : R»o — R"| z(-) is absolutely continuous}
We say that

@ (z(-),u(-)) € X x U is a solution pair if it satisfies (1)
for aimost all t € R>.

Note that:

@ The condition for almost all t € R>q allows a larger
class of solutions z(-).

@ |t is sufficient if z:(-) is continuously differentiable for
almost all t > 0.

@ u(-) can be piecewise continuous, for example.

@ If the initial condition is important (or not clear from
context), we use z(-;zg) € X and u(-;x0) € U

For (z(-),u(:)) € X x U we define

@ Cost functional (or performance criterion)
J:R" xU — RU{too} as

J(zo,u()) = /0 7 ba(r), u(r))dr.

@ Running cost. ¢ : R™ x R™ — R
@ (Optimal) Value function: V : R™ — R,
14 = in J(xo,u(-
(v0) = min J(wo,u())
(We assume that the minimum exists!)
@ Sometimes, we use the notation
\%4 = min J(zo,u(-
(v0) = min J(xo,u()
subject to (1).
Note that: zo, and u(-) are sufficient to describe z(-)
Optimization in terms of u(-):

() = in J(zo,u(")).
w'() = arg min J(zo,u()
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Optimal Control — Continuous Time Setting (2)

Keep in mind:
V(zo) = u?»l)igu J(zo,u(+))
subject to (1)

w'() = arg min J(@o,u().
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Optimal Control — Continuous Time Setting (2)
Keep in mind:
V(wo) = min J(zo,u())

subject to (1)
u*(-) = arg ul(’I‘l)iélu J(zo,u(+)).
We hope to find a feedback law: (u : R™ — R™)
u(* () =u(t)  VteR.
Here
@ (z*(-),u*(-)) € X x U is an optimal solution pair
@ z*(-) uniquely defined through «*(-) and z*(0) = z¢
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Optimal Control — Continuous Time Setting (2)

Keep in mind:
V(o) = u{r})igy J(zo,u(-))
subject to (1)
*() = in J Ju(s)).
wt() = arg min J(zo,u()
We hope to find a feedback law: (u : R™ — R™)
w(z™(t)) = u*(¢) ViteR>q.
Here
@ (z*(-),u*(-)) € X x U is an optimal solution pair
@ z*(-) uniquely defined through «*(-) and z*(0) = z¢

Definition (Feedback invariant)

Consider &(t) = f(x(t),u(t)). H : X x U — Ris called
feedback invariant with respect to X x U/ if for all solution
pail’S (331('),’&1('))7 (IL‘Q(),UQ()) € X x U with

21(0) = z2(0) the equality

H(z1(-),u1()) = H(z2(-), u2(-)) holds.
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Optimal Control — Continuous Time Setting (2)

Keep in mind: Thus, note that:

V(o) = {T}fgu J(zo,u(")) @ The value of a feedback invariant H (z(-), u(-))
“ depends only on z¢ (and is independent of w(+))
subject to (1)
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Optimal Control — Continuous Time Setting (2)

Keep in mind: Thus, note that:

V(o) = {p)igu J(zo,u(")) @ The value of a feedback invariant H (z(-), u(-))
“ depends only on z¢ (and is independent of w(+))

subject to (1) @ Let H(z(-),u(-)) be a feedback invariant. If there

u() = arg Join, I (o, u())- exists A : R™ x R™ — R such that
We hope to find a feedback law: (4 : R" — R™) J(wo,ul)) = )+ / b )dr
p(a™ () = u* (1) Vit e Rxo. where mingecgm A(z,u) =0, VzeR?
Here then
* (. * (. H 1 1 H
@ (z*(-),u*(-)) € X x U is an optimal solution pair (b)) = argu‘g]]%{}n Alz(t),u).
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Optimal Control — Continuous Time Setting (2)

Keep in mind: Thus, note that:

V(o) = gigu J(zo,u(")) @ The value of a feedback invariant H (z(-), u(-))
“ depends only on z¢ (and is independent of w(+))

subject to (1) @ Let H(z(-),u(-)) be a feedback invariant. If there

u() = arg Join J (2o, u(-))- exists A : R x R™ — R such that
We hope to find a feedback law: (u : R™ — R™) J(zo,u(-)) = )+ /oo 7))dr
p(a™ () = u* (1) Vit e Rxo. where mingecgm A(z,u) =0, VzeR?
Here then
* (. * (. i i 1 H
@ (z*(-),u*(-)) € X x U is an optimal solution pair (b)) = argurgﬂi{}n Alz(t),u).

@ z*(-) uniquely defined through «*(-) and z*(0) = z¢
Moreover, it holds that

Definition (Feedback invariant) .
V(zo) = En)lél J(zo,u(-))

Consider &(t) = f(x(t),u(t)). H : X x U — Ris called

feedback invariant with respect to X' x U if for all solution = mm (H@(),u()) + [5° Az(),u(r)) dr)

pairs (1(-), u1(-)), (z2(-), u2(-)) € X x U with ")

21(0) = z2(0) the equality = H(z(),u(") + [5° miny, .y (A(z(7),u(7))) dr
H(z1(-),u1(")) = H(z2(), ua(")) holds. = H(z("),u("))
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Linear Quadratic Regulator

Consider (A € R"*", B € R"*X™)
i(t) = Az(t) + Bu(t), =(0)=x9 € R"
To ensure that H(z(-),u(-)) < oo we define
X, ={z() e x: Jim 2 (t) = 0}
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Linear Quadratic Regulator

Consider (A € R™"*™, B € R™"*™)
x(t) = Az(t) + Bu(t), z(0)=xzo € R"
To ensure that H(z(-),u(-)) < oo we define
X, ={z() e x: Jim 2 (t) = 0}

Theorem (Feedback invariant)
Consider the linear system with solution pairs

(z(-),u(:)) € Xs x U. Then, for any P € S™, the functional
H : Xs x U defined as

H(z(-),u(-) = —/Ooo (Az(7) + Bu(r))T Px(r)

+ (ZIT(T)P (Az(7) + Bu(r)) dr
is a feedback invariant.
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Linear Quadratic Regulator

Consider (A € R™"*™, B € R™"*™)
x(t) = Az(t) + Bu(t), z(0)=xzo € R"
To ensure that H(z(-),u(-)) < oo we define
X, ={z() e x: Jim 2 (t) = 0}

Theorem (Feedback invariant)
Consider the linear system with solution pairs

(z(-),u(:)) € Xs x U. Then, for any P € 8™, the functional
H : Xs; x U defined as

H(z(), u() = — /Ooo (Az(7) + Bu(r))T Px(r)

+ :L‘T(T)P (Az(7) + Bu(r))dr
is a feedback invariant.

Proof.
Consider (z(-),u(:)) € Xs x U. Then

_ /Ow% (+7(r)Pa(r)) dr = 2T (7)Pa(r

o0

)O

= 2T (0)Pz(0) — tl—lg)lo zT (t) Pz (t) = xT (0) Pz (0).

Since z() € X by assumption, =T (t) Px(t)
vanishes and the term depends only on z(0).

t— o0

— 0

O
y
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Linear Quadratic Regulator

Consider (A € R™"*™, B € R™"*™)
x(t) = Az(t) + Bu(t), z(0)=xzo € R"
To ensure that H(z(-),u(-)) < oo we define
X, ={z() e x: Jim z(t) =0}

Theorem (Feedback invariant)
Consider the linear system with solution pairs

(z(-),u(:)) € Xs x U. Then, for any P € S™, the functional
H : Xs x U defined as

H(z(), u() = — /Ooo (Az(7) + Bu(r))T Px(r)

+ :L‘T(T)P (Az(7) + Bu(r))dr
is a feedback invariant.

P. Braun & C.M. Kellett (ANU)
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Proof.
Consider (z(-),u(:)) € Xs x U. Then
— /000% (:cT(T)Px(T)) dr = —azT (1) Px(t) Zo
= 2T (0)Pz(0) — tli)rgo zT (t) Pz (t) = xT (0) Pz (0).

t— o0

Since z(-) € X5 by assumption, 7 (t) Pz(t) " =" 0
vanishes and the term depends only on z(0). O
o

We continue with the cost functional: (Q € SZ, R € ST})

Teout) = [ (a7 ()Qa(r) + uT () Ru(r)) dr

(~ Linear quadratic regulator (LQR))

Ch. 12: Optimal Control 6/27



Linear Quadratic Regulator (2)

We add and subtract the feedback invariant:

J(zoyu(-)) = H(z(-),u(-)) + /000 7 Qz + u” Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr.
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Linear Quadratic Regulator (2)

We add and subtract the feedback invariant:
J(zo,u(+)) = H(z(:),u(-)) + / 7 Qz + u” Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr.
0

Rearranging terms, completing the squares and note that R~ is well defined (since R > 0):

o0 oo
/ 27 Qz 4+ uT Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr = / 2T (Q+ ATP 4+ PA)z +uT Ru + 2uT BT Pz dr
0 0

oo
= / (mT(Q + ATP + PA)x +uT Ru+ 20T BT Pe+2T PBTR™'BPx — xTPBTR_lBPz) dr
0

= / (mT(Q +ATP+PA—-PBR 'BTP)z+ (u+ R BT Pz)TR(u + R_IBTPx)> dr.
0
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Linear Quadratic Regulator (2)

We add and subtract the feedback invariant:
J(zo,u(+)) = H(z(:),u(-)) + / 7 Qz + u” Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr.
0
Rearranging terms, completing the squares and note that R~ is well defined (since R > 0):

o0 oo
/ 27 Qz 4+ uT Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr = / 2T (Q+ ATP 4+ PA)z +uT Ru + 2uT BT Pz dr
0 0

oo
= / (zT(Q + ATP + PA)x +uT Ru+ 20T BT Pe+2T PBTR™'BPx — xTPBTR_lBPz) dr
0

= / (:pT(Q +ATP+PA—-PBR 'BTP)z+ (u+ R BT Pz)TR(u + R_IBTPx)> dr.
0
If P can be chosen so that ATP 4+ PA+Q—-PBR1BTP=0 cost function reduces to

J(zo,u(-)) = H(z(-),u(-)) + /Ooo(u + R1BTP2)TR(u+ R™'BT Px)dr.
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Linear Quadratic Regulator (2)

We add and subtract the feedback invariant:
J(zo,u(+)) = H(z(:),u(-)) + / 7 Qz + u” Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr.
0
Rearranging terms, completing the squares and note that R~ is well defined (since R > 0):

o0 oo
/ 27 Qz 4+ uT Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr = / 2T (Q+ ATP 4+ PA)z +uT Ru + 2uT BT Pz dr
0 0

= / (zT(Q + ATP + PA)x +uT Ru+ 20T BT Pe+2T PBTR™'BPx — xTPBTR_lBPz) dr
0
= / (:pT(Q +ATP+PA—-PBR 'BTP)z+ (u+ R BT Pz)TR(u + R_IBTPx)> dr.
0
If P can be chosen so that ATP 4+ PA+Q—-PBR1BTP=0 cost function reduces to
J(zo,u(-)) = H(z(-),u(-) + / (u+ R7'BTP2)T R(u+ R~ BT Pz)dr.
0

Since R > 0,

A(z,u) = (u+ R™BTPz)T R(u + R~ BT Px)
has a minimum at zero given by u(x(t)) = u(t) = —R~' BT Px(t).
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Linear Quadratic Regulator (2)

We add and subtract the feedback invariant:
J(zo,u(+)) = H(z(:),u(-)) + / 7 Qx + u” Ru+ (Az + Bu)T Pz + 2T P (Az + Bu) dr.
0
Rearranging terms, completing the squares and note that R~ is well defined (since R > 0):

o0 oo
/ 27 Qz 4+ uT Ru+ (Az + Bu)T Pz + 27 P (Az + Bu) dr = / 2T (Q+ ATP 4+ PA)z +uT Ru + 2uT BT Pz dr
0 0

= / (zT(Q + ATP + PA)x +uT Ru+ 20T BT Pe+2T PBTR™'BPx — xTPBTR_lBPz) dr
0
= / (zT(Q +ATP+PA—-PBR 'BTP)z+ (u+ R BT Pz)TR(u + R*lBTPx)) dr.
0
If P can be chosen so that ATP 4+ PA+Q—-PBR1BTP=0 cost function reduces to
J(zo,u(-)) = H(z(-),u(-) + / (u+ R7'BTP2)T R(u+ R~ BT Pz)dr.
0

Since R > 0,
A(z,u) = (u+ R™BTPz)T R(u + R~ BT Px)
has a minimum at zero given by pu(z(t)) = u(t) = —R~1BT Px(t).

@ For H(xz(-),u(")) = — [;° (Az + Bu)T Pz + 2T P (Az + Bu) dr to be a feedback invariant lim;_, o #(t) = 0 needs
to be satisfied (i.e., (z(-),u(-)) € Xs x U) thus A — BR~! BT P needs to be Hurwitz.
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Linear Quadratic Regulator (3)

Linear system:
z(t) = Az(t) + Bu(t), x(0) ==z € R"

Quadratic cost function:

Teout) = [ (a7 ()Qu(r) + T (r)Ru(r)) dr

Theorem

Consider the linear system and the quadratic cost function
defined through Q € SZ,, R € ST},. If there exists P € S™

satisfying the continuous time algebraic Riccati equation
ATP4+PA+Q—-PBR 'BTP=0

and if A — BR~'BT P is Hurwitz, then
u(z) = —R~1BT Pz minimizes the quadratic cost function
and the optimal value function is given by

V(zo) = ngxo.
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Linear Quadratic Regulator (4)

Theorem (Linear quadratic regulator)

Consider the linear system with output y(t) = Cx(t), y € RP, and assume that (A, B) is
stabilizable and (A, C) is detectable. LetQ € SP, R€ S
S
|: sT R j| >0
and consider the quadratic cost function

o S C
J(zo,u()) = /o [ z(n)TCT u(n)T ] |: SC«QT R } [ uaés_ﬁl)-) } dr.
Then the following properties are satisfied.
@ The Riccati equation
ATP 4+ PA+CTQC — (PB+CTS)RY(BTP+5TC)=0
has a unique positive definite solution P € S,

@ The state feedback p(xz) = —R~*(BT P + ST C)x ensures that the closed loop matrix

A— BR™Y(BTP + STC) is Hurwitz.

© The optimal value function minimizing the cost function is given by V (z¢) = =% Pzo and V is

a Lyapunov function of the closed loop system.

and S € RPX™ pe such that

V.
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Control-Affine Nonlinear Systems

Control-affine nonlinear systems (with equilibrium = = 0):
i(t) = f(=z(t) + g(z@)u(t),  =(0) ==zo €R",
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Control-Affine Nonlinear Systems

Control-affine nonlinear systems (with equilibrium = = 0):
z(t) = f(=(0) + g(@(O)u®),  x(0) ==z0 €R",

Theorem
Consider the control affine nonlinear system with solution

pairs (z(-),u(-)) € Xs x U. Then for a continuously
differentiable function V : R® — R,

Hz(),u() = - /0 7 (LeV(@(r) + LoV (@(r))u(r)) dr

is a feedback invariant.

v
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Control-Affine Nonlinear Systems

Control-affine nonlinear systems (with equilibrium z = 0):
z(t) = f(=(0) + g(@(O)u®),  x(0) ==z0 €R",

Theorem
Consider the control affine nonlinear system with solution

pairs (z(-),u(-)) € Xs x U. Then for a continuously
differentiable function V : R® — R,

Hz(),u() = - /0 7 (LeV(@(r) + LoV (@(r))u(r)) dr

is a feedback invariant.

v

Consider

@ R:R™ — R™X™ R(x) positive definite and
bounded away from zero for all z € R™, i.e., there
exists a ¢ > 0 such that R(z) —cI > Oforallz € R"™.

@ @ :R™ — Ry positive definite
@ cost function

oo}
Jao.u()) = [ (Qalr)) + uT (RGa()u(r)) dr
0



Control-Affine Nonlinear Systems

Control-affine nonlinear systems (with equilibrium z = 0):
z(t) = f(=(0) + g(@(O)u®),  x(0) ==z0 €R",

Theorem
Consider the control affine nonlinear system with solution

pairs (z(-),u(-)) € Xs x U. Then for a continuously
differentiable function V : R® — R,

Hz(),u() = - /0 7 (LeV(@(r) + LoV (@(r))u(r)) dr

is a feedback invariant.

v

Consider

@ R:R™ — R™X™ R(x) positive definite and
bounded away from zero for all z € R™, i.e., there
exists a ¢ > 0 such that R(z) —cI > Oforallz € R"™.

@ @ :R™ — Ry positive definite
@ cost function

Teout) = [ (@) +uT (RGN dr
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As before we can write
J(@(-),u(-)) = H(z(-),u("))
+ [T Q@) + 1y V(@) — AoV @) (RE@) T LoV

Hu+ L (R(2) " LgV (@) "R(@) (u+ L (R(x) " LoV (2))dr

Theorem

Consider the control-affine system and the cost function. If
there exists a continuously differentiable function
V : R™ — R such that for all z € R™

Q) + LyV(x) — $LgV (z)(R(x)) " LgV(z)" =0,
and if the feedback
u(x) = —3(R(z)) " LyV (x)

asymptotically stabilizes the origin, then this feedback
minimizes J(x(-), u(-)).
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Control-Affine Nonlinear Systems

Control-affine nonlinear systems (with equilibrium z = 0):
z(t) = f(=(0) + g(@(O)u®),  x(0) ==z0 €R",

Theorem
Consider the control affine nonlinear system with solution

pairs (z(-),u(-)) € Xs x U. Then for a continuously
differentiable function V : R® — R,

Hz(),u() = - /0 7 (LeV(@(r) + LoV (@(r))u(r)) dr

is a feedback invariant.

v

Consider

@ R:R™ — R™*™ R(zx) positive definite and
bounded away from zero for all z € R™, i.e., there
exists a ¢ > 0 such that R(z) —cI > Oforallz € R"™.

@ @ :R™ — Ry positive definite
@ cost function

Teout) = [ (@) +uT (RGN dr

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control

As before we can write
J(@(-),u(-)) = H(z(-),u("))
+ [T Q@) + 1y V(@) — AoV @) (RE@) T LoV

Hu+ L (R(2) " LgV (@) "R(@) (u+ L (R(x) " LoV (2))dr

Theorem

Consider the control-affine system and the cost function. If
there exists a continuously differentiable function
V : R™ — R such that for all z € R™

Q) + LyV(x) — $LgV (z)(R(x)) " LgV(z)" =0,
and if the feedback
u(x) = —3(R(z)) " LyV (x)

asymptotically stabilizes the origin, then this feedback
minimizes J(x(-), u(-)).

~» Checking asymptotic stability is not straightforward.
~ If V' is a CLF, then asymptotic stability follows.
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Inverse Optimality

So far, we followed the standard approach of optimal control,
i.e.,

@ the designer specifies a cost function to be minimized

~» the minimum defines an optimal feedback stabilizer
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Inverse Optimality

So far, we followed the standard approach of optimal control,
i.e.,

@ the designer specifies a cost function to be minimized
~» the minimum defines an optimal feedback stabilizer
Now, consider the reverse process, i.e.,

@ suppose we have a CLF V and can write the stabilizing
control in the form

pa) = —5(R(x) "' LoV (x)
where R(z) —cI > Oforallz e R"andc > 0
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Inverse Optimality

So far, we followed the standard approach of optimal control,
i.e.,
@ the designer specifies a cost function to be minimized
~» the minimum defines an optimal feedback stabilizer
Now, consider the reverse process, i.e.,

@ suppose we have a CLF V and can write the stabilizing
control in the form

wa) = —5(R(@) "' LgV ()
where R(z) —cI > Oforallz e R"andc > 0
~» Compute

Q) = —LyV(2) + 1LV (2)(R(x)) " LoV (2)"
(Since V is a CLF, Q is positive definite.
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Inverse Optimality

So far, we followed the standard approach of optimal control,
ie., ~ u(z) is referred to as inverse optimal

@ the designer specifies a cost function to be minimized @ In particular, not the cost function is specified by
the designer, but rather the stabilizing feedback

~» the minimum defines an optimal feedback stabilizer which defined the cost function

Now, consider the reverse process, i.e.,

@ suppose we have a CLF V' and can write the stabilizing
control in the form

pa) = —5(R(x) "' LoV (x)
where R(z) —cI > Oforallz e R"andc > 0
~» Compute

Qz) = —LsV(2) + 1 LoV (2)(R(z)) " LoV ()"
(Since V is a CLF, Q is positive definite.
~» The control law p(z) minimizes

Hao,u() = [~(Q(r) +u () R(a(r)u(r)) dr

with the computed functions Q and R.
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Inverse Optimality

So far, we followed the standard approach of optimal control,
ie., ~ u(z) is referred to as inverse optimal

@ the designer specifies a cost function to be minimized @ In particular, not the cost function is specified by
the designer, but rather the stabilizing feedback
which defined the cost function

Recall the ISS redesign & Sontag’s formula:

@ The concept of inverse optimality allows an
analysis of the control laws obtained through the

~» the minimum defines an optimal feedback stabilizer
Now, consider the reverse process, i.e.,

@ suppose we have a CLF V' and can write the stabilizing
control in the form

w(z) = —%(R(x))*ngV(:e) ISS redesign and Sontag’s universal formula by
calculating the performance criterion for which the
where R(z) —cI > 0forallz e R*and ¢ > 0 controllers are optimal.)

~» Compute
Qz) = —LsV(2) + 1 LoV (2)(R(z)) " LoV ()"
(Since V is a CLF, Q is positive definite.
~» The control law p(z) minimizes

Hao,u() = [~(Q(r) +u () R(a(r)u(r)) dr

with the computed functions Q and R.
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Section 2

Optimal Control — Discrete Time Setting

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control



Optimal Control — Discrete Time Setting

Consider
z(k+1) = f(z(k),u(k)),  z(0)==0o (2

@ Set of inputs and set of solutions:
U ={u() : Ng - R™}, X ={z(-): Ng - R"}.
X, ={z()e Xx: klgr;ox(k) =0}.
@ Cost functional
J(@o,u(-) = Y L(x(k),u(k)).
k=0

(with running costs £ : R™ x R™ — R)
@ Optimal value function:
V(zo) = min J(zo,u(-
(v0) = min J(zo,u()

subject to (2)

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control
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Optimal Control — Discrete Time Setting

Consider

z(k+1) = f(z(k),u(k)),  2(0) ==z ()

@ Set of inputs and set of solutions:
U ={u() : Ng - R™}, X ={z(-): Ng - R"}.
X, ={z()e Xx: klggox(k) =0}.

@ Cost functional

J(zo,u ZE z(k),u

(with running costs £ : R™ x R™ — R)
@ Optimal value function:

V(o) :ulgl)iélu J (o, u())

subject to (2)

P. Braun & C.M. Kellett (ANU)

Introduction to Nonlinear Control

Definition (Feedback invariant)

Consider z+ = f(z,u). H: X x U — R is called feedback
invariant with respect to X' x U if for all solution pairs
(z1(-),u1 (")), (z2(-), u2 (")) € X x U with 1 (0) = 22(0)
the equality

H(z1(-),wa () = H(z

2(+), u2(+)) holds.

@ Decomposition of the cost function

J(xo,u(-)) = H(z(), u(-)) + Z Az(k), u(k))
k=0
with
min A(z,u)=0 VzeR"

u€eR™
~~ Optimal feedback stabilizer
p(x(k)) = arg min Az (k),u).
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The Linear Quadratic Regulator

Consider the linear system
z(k 4+ 1) = Az(k) + Bu(k), z(0)=xz0 € R"

Theorem

Consider the discrete time linear system with solution pairs
(z(-),u(-)) € Xs x U. Then, for any symmetric matrix
P € 8™, the functional H : Xs x U — R defined as

==Y (Az(k)+Bu(k))" P(Az(k)+ Bu(k))—z(k) Pz (k)
k=0
is a feedback invariant.

(~ Note the structure of the discrete time Lyapunov
equation)

P. Braun & C.M. Kellett (ANU)

Introduction to Nonlinear Control

Theorem

Consider the discrete time linear system and the quadratic
cost function

J(@o,u()) = 3 a(k)TQa(k) + u(k)T Ru(k)

k=0
defined through Q € S, R € ST,. If there exists P € S™
satisfying the discrete time algebraic Riccati equation

—1
Q+ATPA—P— ATPB (R+ BTPB) BTPA=0
and if
A—-B(R+BTPB)~'1BTPA
is a Schur matrix, then
—1
p(z) = — (R + BTPB) BTPAx

minimizes the cost function and the optimal value function
is given by V (z¢) = z{ Pxo.
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The Linear Quadratic Regulator (2)

Theorem

Consider the discrete time linear system and the quadratic
cost function

oo
PEON
k=0
defined through Q € 5%, R € ST,. If there exists P € S™
satisfying the discrete time algebraic Riccati equation

J(zo,u(")) = Qu(k) + u(k)” Ru(k)

—il
Q+ATPA—P—ATPB (R + BTPB) BTPA=0
and if
A—B(R+BTPB)"'BTPA
is a Schur matrix, then
-1
w(z) = — (R + BTPB) BT PAz

minimizes the cost funct/on and the optimal value function
is given by V' (zo) = T'Prg.

v

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control

Proof.
Same steps as in the continuous time setting:
I (o, u(-))=H (2(), u(-)) +2rZoz (k) "Qu(k)+u(k) "Ru(k)
+Z;°:O(Aa:(k)+Bu(k))TP (Az(k)+Bu(k))—z(k)TPx(k)
Define R = R+ BT PB. Then J(xzo,u(-)) can be rewritten
DO 2T Qz+uT Ru+ (Az+Bu)? P (Az+Bu)—27T Px
=32,27(Q+ ATPA - P)z +u” Ru+ 2u” BT PAz

+ 5222 0 2TATPBR-'BT PAz —2TATPBR~'BTP Ax
=32 ,27(Q+ATPA—P— ATPBR'BTPA)x

+ 5222 o(Ru + BT PAz)TR=1(Ru + BT PAz).

@ P positive definite ~ BT PB positive semidefinite ~

R = R + BT PB positive definite ~» R~ well defined
@ We recover the algebraic Riccati equation
@ We recover the feedback law
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The Linear Quadratic Regulator (3)

Theorem (The discrete time linear quadratic regulator)

Consider the linear system with output y(k) = Cz(k), y € RP, and assume that the pair (A, B)
is stabilizable and (A, C) is detectable. Let Q € SP, R € 8™ and S € RPX™ be such that

(9 3]0

and consider the quadratic cost function

o0
S Cx(k
J(wo,u()) = k; [ (®)TCT  u®)T ] [ - ] { ) } :
@ The Riccati equation
=il
CTQC + ATPA— P — (ATPB+CTS) (R + BTPB) (BTPA+8TC) =0
has a unique positive definite solution P € SZ,.

@ The state feedback w(x) = — (R+ BTPB) L (BTPA+STCO)z ensures that
the closed loop matrix A — B (R+ BT PB) ™" (BT PA + ST C) is a Schur matrix.

© The optimal value function minimizing the cost function is given by V (zo) = a Pxzo and
V' defines a Lyapunov function of the closed loop system.

v
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Section 3

From Infinite to Finite Dimensional Optimization
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From Infinite to Finite Dimensional Optimization

Consider
z(k+1) = f(z(k),u(k)),  z(0)==z0o ()

@ Cost functional
I(zo,u(-) = > b (k), u(k)).
k=0

(with running costs £ : R™ x R™ — R)
@ Optimal value function:
V(zo) = Ry J(zo, u(-))
subject to (3)
(Optimal control problem)
@ Optimal solution pair
(@*(),u* () € X xU

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control
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From Infinite to Finite Dimensional Optimization

Recapitulation of results:

Consider @ (z*(-),u*()) € X x U is optimal with respect to a
ok +1) = f(a(k), u(k)), 2(0) = zo @) specn‘lc'measure. (i.e.,a sp'ecmc 'cost 1"ur.10't|onal).
@ To obtain the optimal solution pair an infinite

dimensional optimization problem needs to be solved.
@ Cost functional

T(@o,u() = > _Lx(k), u(k)).
k=0
(with running costs £ : R™ x R™ — R)
@ Optimal value function:
V(o) =i, J(zo, u(-))

subject to (3)
(Optimal control problem)
@ Optimal solution pair
(z*(),u* () e X xU
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From Infinite to Finite Dimensional Optimization

Recapitulation of results:
Consider @ (z*(-),u*()) € X x U is optimal with respect to a
specific measure (i.e., a specific cost functional).
a(k+1) = fa(k)uk), <0 =20 () pecific (18-, a specific cost functional)
@ To obtain the optimal solution pair an infinite
dimensional optimization problem needs to be solved.

~ In general only possible under specific assumptions
> on the system dynamics and the input and solution

J(@o,u() = > L(x(k),u(k)). space U and X.

k=0

@ Cost functional

(with running costs ¢ : R™ x R™ — R)
@ Optimal value function:
\% = min J(zo,u(-
(z0) Ry (zo, u(-))

subject to (3)
(Optimal control problem)
@ Optimal solution pair
(z*(),u* () e X xU
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From Infinite to Finite Dimensional Optimization

Recapitulation of results:
Consider @ (z*(-),u*()) € X x U is optimal with respect to a
specific measure (i.e., a specific cost functional).
a(k+1) = fa(k)u(k), @)=z  (3) pectlic (6., aspecilic cost functional)
@ To obtain the optimal solution pair an infinite
dimensional optimization problem needs to be solved.

@ Cost functional ~+ In general only possible under specific assumptions

> on the system dynamics and the input and solution
J(zo,u(-)) = Y L(x(k), u(k)). space U and X.
k=0 PP . . .
) ) ~ Even if it is possible to solve the optimization problem
(with running costs £ : R™ x R™ — R) for a specific initial value zo € R™, to obtain an

@ Optimal value function: optimal feedback law p.(z(t)) (instead of an optimal

) open loop input u(t)) it needs to be solved for all
V(xo) = min, J (o, u()) xo € R™.
w(-

subject to (3)
(Optimal control problem)
@ Optimal solution pair
(z*(),u () e X xU
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From Infinite to Finite Dimensional Optimization

Consider
z(k+1) = f(z(k),u(k)),  z(0)==z0o

@ Cost functional
T(@o,u() = > _Lx(k), u(k)).
k=0

(with running costs ¢ : R™ x R™ — R)

@ Optimal value function:
Viwo) = min J(wo,u())
subject to (3)

(Optimal control problem)

@ Optimal solution pair
(z*(),u* () e X xU

P. Braun & C.M. Kellett (ANU)

Recapitulation of results:

@ (x*(-),u*(:)) € X x U is optimal with respect to a
@) specific measure (i.e., a specific cost functional).
@ To obtain the optimal solution pair an infinite
dimensional optimization problem needs to be solved.

~ In general only possible under specific assumptions
on the system dynamics and the input and solution
space U and X.

~ Even if it is possible to solve the optimization problem
for a specific initial value =g € R™, to obtain an
optimal feedback law p(x(t)) (instead of an optimal
open loop input u(t)) it needs to be solved for all
zo € R™.

@ How can we overcome the restriction to linear
dynamics?

@ How can we incorporate state/input constraints?

@ How can we simplify the infinite horizon (or infinite
dimensional) optimization problem?
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From Infinite to Finite Dimensional Optimization: The Principle of Optimality

The principle of optimality:

@ In words, for any point on an optimal solution z*(-),
the remaining control inputs w*(-) are also optimal.
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From Infinite to Finite Dimensional Optimization: The Principle of Optimality

The principle of optimality:

@ In words, for any point on an optimal solution z* (-),
the remaining control inputs w*(-) are also optimal.

More formally:

@ Assume that solutions of the optimal control problem
are unique.

z* (T o)

Z* (52 (T o))
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From Infinite to Finite Dimensional Optimization: The Principle of Optimality

The principle of optimality:

@ In words, for any point on an optimal solution z* (-),
the remaining control inputs w*(-) are also optimal.

More formally:
@ Assume that solutions of the optimal control problem
are unique.
@ Forxzg € R™ let (z*(+;x0), u*(+; z0)) be the optimal
solution pair of

* (. = in J(zo,u(:
u*(-;20) arg min (zo,u(-))

subject to dynamics & initial cond.
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From Infinite to Finite Dimensional Optimization: The Principle of Optimality

The principle of optimality:
@ In words, for any point on an optimal solution z* (-),
the remaining control inputs w*(-) are also optimal.
More formally:
@ Assume that solutions of the optimal control problem
are unique.

@ Forxzg € R™ let (z*(+;x0), u*(+; z0)) be the optimal
solution pair of

u*(:;0) =arg min J(zo,u(:))
u(-)eUu
subject to dynamics & initial cond.

@ Forany T > 0 let (z*(;;2* (T 20)), @* (s 2* (T 20)))
be the optimal solution pair of

@ (i (T5wo)) =arg min J(=(T520),u())

subject to dynamics & initial cond.
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From Infinite to Finite Dimensional Optimization: The Principle of Optimality

The principle of optimality:
@ In words, for any point on an optimal solution z* (-),
the remaining control inputs w*(-) are also optimal.
More formally:
@ Assume that solutions of the optimal control problem
are unique.

@ Forzg € R™ let (z*(-;z0), u*(+; z0)) be the optimal
solution pair of

u*(:;0) =arg min J(zo,u(:))
u(-)eUu
subject to dynamics & initial cond.

@ Forany T > 0 let (z*(;;2* (T 20)), @* (s 2* (T 20)))
be the optimal solution pair of

a*(52*(T;m0)) =arg min J(z*(T;20), u(-))
u(-)eU
subject to dynamics & initial cond.
@ Then the principle of optimality states that
w* (2% (T m0)) = uw* (- + T 20)
¥ (2" (Ty20)) = 2*(- + T; xo0)



From Infinite to Finite Dimensional Optimization: The Principle of Optimality

The principle of optimality:

@ In words, for any point on an optimal solution z* (-),
the remaining control inputs w*(-) are also optimal.

More formally:

@ Assume that solutions of the optimal control problem
are unique.

@ Forzg € R™ let (z*(-;z0), u*(+; z0)) be the optimal
solution pair of

u*(-;m0) =arg min J(zo,u(-))
u(-)eUu
subject to dynamics & initial cond.

@ Forany T > 0 let (z*(;;2* (T 20)), @* (s 2* (T 20)))
be the optimal solution pair of

a*(52*(T;m0)) =arg min J(z*(T;20), u(-))
u(-)eUu
subject to dynamics & initial cond.
@ Then the principle of optimality states that
w* (2% (T m0)) = uw* (- + T 20)
¥ (2" (Ty20)) = 2*(- + T; xo0)

0
(2% (T o))
Note that:
@ In the case that optimal solutions are not unique, ‘only’
J(@X(T; ), 0" (52X (T 2))) = J (@ (T; @), u"(- + T 2))
is guaranteed.
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From Infinite to Finite Dimensional Optimization: The Principle of Optimality

The principle of optimality:

@ In words, for any point on an optimal solution z* (-),
the remaining control inputs w*(-) are also optimal.

More formally:

@ Assume that solutions of the optimal control problem
are unique.

@ Forzg € R™ let (z*(-;z0), u*(+; z0)) be the optimal
solution pair of

u*(-;m0) =arg min J(zo,u(-))
u(-)eUu
subject to dynamics & initial cond.

@ Forany T > 0 let (z*(;;2* (T 20)), @* (s 2* (T 20)))
be the optimal solution pair of

a*(52*(T;m0)) =arg min J(z*(T;20), u(-))
u(-)eUu
subject to dynamics & initial cond.
@ Then the principle of optimality states that
w* (2% (T m0)) = uw* (- + T 20)
¥ (2" (T 20)) = 2*(- + T; z0)

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control

z*(T; zo)

xo
% (52 (T o))
Note that:
@ In the case that optimal solutions are not unique, ‘only’
(@ (Tsx), u* (5 2X(T5 2))) = J (@X(Ts ), u'(- + T; )
is guaranteed.
@ Same result in the discrete time setting

7N
® ®
N
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Constrained Optimal Control for Linear Systems

@ Consider
z(k+1) = f(@(k),u(k),  =(0)=mo
@ Set of inputs and set of solutions:
U ={u() : Ng - R™}, X ={z(-): Ng - R"}.
@ Cost functional

T(@o,u()) = S5 (k) u(k))
= 37 o 2(k)Qu(k) + u(k) Ru(k)

@ Optimal value function:
\% = min J(zo,u(:
(v0) = min J(wo,u())

subject to dynamics & init. cond.
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Constrained Optimal Control for Linear Systems

@ Consider
z(k+1) = f(@(k),u(k),  =(0)=mo
@ Set of inputs and set of solutions:
U ={u() : Ng - R™}, X ={z(-) : Ng = R"}.
@ Cost functional
J(wo,u(-)) = 22k £(x(k), u(k))
=2 k=0 2(k)Qz(k) + u(k) Ru(k)
@ Optimal value function:
V(zo) = u?l)iélu J(zo,u(-))

subject to dynamics & init. cond.

~ For linear systems and quadratic running costs we
derived a stabilizing feedback law (i.e., an explicit
solutions) through algebraic Riccati equation

~» This was only possible due to the special structure of
the dynamics, the cost function, and the input and
solution spaces

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control Ch. 12: Optimal Control 20/27



Constrained Optimal Control for Linear Systems

Consider Now:
ek +1) = f(a(k), u(k)), 2(0) = zo @ We restrict the input space to
Uy = )N R™| u(k UVk e N

Set of inputs and set of solutions: ; v {ul( ) g 0 : | ulk) € €N}

or U C R™ closed and convex, 0 € int(U
U={u():No = R™}, X ={z():No— R"}. , int(U)

@ Corresponding OCP:
V(zo) = min J(xo,u(-))
I (o, u(-)) = 32520 Lz (k), u(k)) ety

=32, x(k)Qz(k) + u(k)Ru(k) subject to dynamics & initial cond.

Cost functional

Optimal value function:
\4 = min J(zg,u(:
(z0) = min, J(o,u())

subject to dynamics & init. cond.

For linear systems and quadratic running costs we
derived a stabilizing feedback law (i.e., an explicit
solutions) through algebraic Riccati equation

This was only possible due to the special structure of
the dynamics, the cost function, and the input and
solution spaces
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Constrained Optimal Control for Linear Systems

@ Consider Now:
ek +1) = f(a(k), u(k)), 2(0) = zo @ We restrict the input space to
Uy = )N R™| u(k UVk e N
@ Set of inputs and set of solutions: ; v {ul() g O: | ulk) € €N}
or U C R™ closed and convex, 0 € int(U
U={u():No = R™}, X ={z():No— R"}. , int(U)
@ Corresponding OCP:
V(zo) = min J(xo,u(-))
I (o, u(-)) = 32520 Lz (k), u(k)) ety
=32, x(k)Qz(k) + u(k)Ru(k) subject to dynamics & initial cond.

@ Cost functional

~+ The approach followed so far is in general not
applicable

~» Standard (convex) optimization algorithms are not
directly applicable since the OCP is infinite
dimensional

@ Optimal value function:
\% = min J(zo,u(:
(v0) = min J(wo,u())

subject to dynamics & init. cond.

~ For linear systems and quadratic running costs we
derived a stabilizing feedback law (i.e., an explicit
solutions) through algebraic Riccati equation

~» This was only possible due to the special structure of
the dynamics, the cost function, and the input and
solution spaces
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Constrained Optimal Control for Linear Systems (2)

@ Consider

z(k+1) = f(z(k), u(k)),  =(0) =20
@ Cost functional

J(zo,u(")) = D po z(k)Qx(k) + u(k)Ru(k)
Now:
@ We restrict the input space to
Uy = {u(-) : No = R™| u(k) € UVk € N},
for U C R™ closed and convex, 0 € int U

@ Corresponding OCP:

V(zo) = (n?lerb J(@o, u())

w U

subject to dynamics & initial cond.
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Constrained Optimal Control for Linear Systems (2)

@ Consider
z(k+1) = f(z(k), u(k)),  =(0) =20
@ Cost functional
J(zo,u(")) = D po z(k)Qx(k) + u(k)Ru(k)
Now:
@ We restrict the input space to
Uy = {u(-) : No = R™| u(k) € UVk € N},
for U C R™ closed and convex, 0 € int U
@ Corresponding OCP:
V(wo) = min J(xo,u()

w U

subject to dynamics & initial cond.

@ Step 1: Apply the results of the unconstrained setting
(i.e., U = R™) to obtain Lyapunov function
V(z) = 2™ Ppx and the optimal feedback law

p(z) = Ko = — (R+ BTPB) "' BT PAs.
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Constrained Optimal Control for Linear Systems (2)

@ Since V is a Lyapunov function for z+ = (A + BK)z
the sublevel set X = {z € R"|V (z) < ¢} is forward
z(k+1) = f(z(k), u(k)), 2(0) = o invariant for ¢ > 0

@ Consider

@ Cost functional

J(zo,u(")) = D po z(k)Qx(k) + u(k)Ru(k)

Now:

@ We restrict the input space to

Uy = {u(-) : No = R™| u(k) € UVk € N},

for U C R™ closed and convex, 0 € int U
@ Corresponding OCP:
V(wo) = min J(xo,u()

w U

subject to dynamics & initial cond.

@ Step 1: Apply the results of the unconstrained setting
(i.e., U = R™) to obtain Lyapunov function
V(z) = 27 Prz and the optimal feedback law

—1
wz)=Kz=—(R+BTPB)” BTPAx.
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z(k+ 1) = f(z(k), u(k)), 2(0) = o invariant forc > 0
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0 is locally asymptotically stable and the basin of
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. . u(-) € Uy such that z = 0 can be globally asymp.
@ We restrict the input space to stabilized.
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@ Corresponding OCP:
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Constrained Optimal Control for Linear Systems (2)

@ Consider
z(k +1) = f(x(k), u(k)),
@ Cost functional
J(zo,u(")) = D po z(k)Qx(k) + u(k)Ru(k)

z(0) = zo

Now:
@ We restrict the input space to
Uy = {u(-) : No = R™| u(k) € UVk € N},
for U C R™ closed and convex, 0 € int U
@ Corresponding OCP:
V(wo) = min J(xo,u()

w U

subject to dynamics & initial cond.

@ Step 1: Apply the results of the unconstrained setting
(i.e., U = R™) to obtain Lyapunov function
V(z) = 27 Prz and the optimal feedback law

p(z) = Ko = — (R+ BTPB) "' BT PAs.

P. Braun & C.M. Kellett (ANU) Introduction to Nonlinear Control

@ Since V is a Lyapunov function for z+ = (A + BK)z
the sublevel set X = {z € R"|V (z) < ¢} is forward
invariant for ¢ > 0

@ If cis selected such that Kz € U for all z € X, then
0 is locally asymptotically stable and the basin of
attraction contains X

@ Step 2: For all zp € R™ assume there exists an input
u(-) € Uy such that z = 0 can be globally asymp.
stabilized.

@ ThenVzg € R® 3N e Nand (z*(-),u*(-)) € X x Uy
such that z* (k) € Xp V k > N.

@ Under the assumption that z* (N) € X it holds that

LD (o, u() = XRZo(@") T Qe + (u)T Ru”

=Yg (@ (k)T Qa* (k) + (u* (k)T Ru* (k)
+ 302 n (@ (k)T Qa* (k) + (u* (k)T Ru* (k)
= Yoo () TQaHu*) TRu*+(z* (N) T Ppa* (N)
@ Moreover

V(2" (N)) = (¢*(N))" Ppa* (N)
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Constrained Optimal Control for Linear Systems (3)

@ Restrict the definitions to a finite horizon:
UN = {un () = (u(0),...,u(N — 1)| u(-) € U}
In (o, un () = Sp2g! L (k), ulk))
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Constrained Optimal Control for Linear Systems (3)

@ Restrict the definitions to a finite horizon:
UN = {un () = ((0),...,u(N = 1)) u() € U}
In (o, un () = 050 (k) u(k))

@ Continue to rewrite the OCP:

- .
Nart (zo,u(-))

= min ZkN:_Ol 2TQz + uT Ru + z(N)T Prz(N)
un ()eulNy
= min _Jy(zo,un(-)) + z(N)T Ppz(N)

un () U

V(zo) = min  Jy(zo,u™ () + z(N)T Ppa(N)
un () euh

subject to dynamics & init. cond.
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Constrained Optimal Control for Linear Systems (3)

@ Restrict the definitions to a finite horizon:
UN = {un () = ((0),...,u(N = 1)) u() € U}
In (o, un () = 050 (k) u(k))

@ Continue to rewrite the OCP:

- .
Nart (zo,u(-))

= min ZkN:Ol 2TQzx + uT Ru + 2(N)T Prz(N)
un ()eulNy -

= min _Jy(zo,un("))+ :E(N)TPF:E(N)
un () euy
V(zo) = min _ Jy(xo, uN()) + m(N)TPFx(N)
un () eudy

subject to dynamics & init. cond.

~+ We have rewritten the infinite dimensional problem as
a finite dimensional optimization problem
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Constrained Optimal Control for Linear Systems (3)

@ Restrict the definitions to a finite horizon:
UN = {un () = ((0),...,u(N = 1)) u() € U}
In (o, un () = 050 (k) u(k))

@ Continue to rewrite the OCP:

- .
Nart (w0, u(-))

= min ZkN:Ol 2TQzx + uT Ru + 2(N)T Prz(N)
un ()eulNy -

= min _Jy(zo,un("))+ x(N)TPFx(N)
un () euy
V(zo) = min _ Jy(xo, uN()) + m(N)TPFx(N)
un () eudy

subject to dynamics & init. cond.

~+ We have rewritten the infinite dimensional problem as
a finite dimensional optimization problem

@ The optimal open loop input is given by
w* () = (@i (0),... uly (N — 1), Ka* (N), Ka*(N + 1),...)
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Constrained Optimal Control for Linear Systems (3)

@ Restrict the definitions to a finite horizon:
UN = {un () = (u0),...,u(N = 1)) u(-) €U}

Note that:
In (o, un () = Syt k), u(k))

@ u* and V' (z) are only implicitly known as the solution

@ Continue to rewrite the OCP: of the optimization problem.
. @ The equivalence of the OCPs needs to be understood
H(TIE%[U J(zo,u()) with caution! It relies on the nontrivial assumption that
z* (N) € XF
= min ZkN:Ol 2TQzx + uT Ru + 2(N)T Prz(N)
un ()eulNy -

= min _Jy(zo,un(")) —I—x(N)TPFa:(N)
un () euy

V(zo) = min  Jy(zo,u™ () + z(N)T Ppz(N)
un () eudy
subject to dynamics & init. cond.

~ We have rewritten the infinite dimensional problem as
a finite dimensional optimization problem

@ The optimal open loop input is given by
w (1) = (un(0),...,uny (N = 1), Kz*(N), Ka*(N + 1),...)
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Constrained Optimal Control for Linear Systems (3)

@ Restrict the definitions to a finite horizon:
UN = {un () = (u0),...,u(N = 1)) u(-) €U}

Note that:
In (o, un () = Syt k), u(k))

@ u* and V' (z) are only implicitly known as the solution

@ Continue to rewrite the OCP: of the optimization problem.

. @ The equivalence of the OCPs needs to be understood

w(et J(zo, u(-)) with caution! It relies on the nontrivial assumption that
.’E*(N) (S XF
. N-1_T T T
ZNglgug 2k=o @ Qo+ ulRuta(N)T Pra(N) @ Alternatively, consider terminal constraints
= min _Jyx(zo,un (") + z(N)T Pra(N) min Ty (o, un () + 2(N)T Ppa(N)
un (eudy ulN () euf)

subject to dynamics & init. cond., z(N) € Xp
V(zo) = min  Jy(zo,u™ () + z(N)T Ppz(N)
un () U

subject to dynamics & init. cond.

~ We have rewritten the infinite dimensional problem as
a finite dimensional optimization problem

@ The optimal open loop input is given by
w (1) = (un(0),...,uny (N = 1), Kz*(N), Ka*(N + 1),...)
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Constrained Optimal Control for Linear Systems (3)

@ Restrict the definitions to a finite horizon:
UN = {un () = (u0),...,u(N = 1)) u(-) €U} Note that:
In (0, un () = Sy Ua(k), u(k)) @ v* and V(z) are only implicitly known as the solution

@ Continue to rewrite the OCP: of the optimization problem.
. @ The equivalence of the OCPs needs to be understood
min J(xo,u(-))

w(Yelty with caution! It relies on the nontrivial assumption that
.’E*(N) (S XF
. N-1_T T T
ZNglgug 2k=o @ Qo+ ulRuta(N)T Pra(N) @ Alternatively, consider terminal constraints
= min _Jyx(zo,un (") + z(N)T Pra(N) min Ty (o, un () + 2(N)T Ppa(N)
un (eudy ulN () euf)

subject to dynamics & init. cond., z(N) € Xp
V(zp) = min . In (2o, uN (1)) + 2(N)T Ppz(N)

un (1) EU @ However
subject to dynamics & init. cond. > in this case the optimal solution might not be
optimal with respect to the cost function (i.e., it
~» We have rewritten the infinite dimensional problem as might be cheaper to reach X in more than N
a finite dimensional optimization problem steps)
@ The optimal open loop input is given by > the optimization problem is infeasible if it is not

possible to reach the set Xy in N steps

w (1) = (un(0),...,uny (N = 1), Kz*(N), Ka*(N + 1),...)
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Dynamic Programming & the Backward Recursion

Now, consider finite horizon OCP (for N € N and with X = {0}):

Vi (zo) = I(n)inuN In(zo,un ()
un () €Uy

subject to dynamics & initial cond., and z(N) = 0
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Dynamic Programming & the Backward Recursion

Now, consider finite horizon OCP (for N € N and with X = {0}):

Vn(zo) = min _ Jy(zo,un("))
un ()eUf

subject to dynamics & initial cond., and z(N) = 0

@ The set of states for which the problem is feasible:

x%} = {xo e R"

(depends on 14}, the dynamics, and on the horizon N)

z(0) = zo

z(N)=0
FuN () e U suchthat =t = f(z,u) }
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Dynamic Programming & the Backward Recursion

Now, consider finite horizon OCP (for N € N and with X = {0}):

Vn(zo) = min _ Jn(zo,un(-))
un () eudy

subject to dynamics & initial cond., and z(N) = 0

@ The set of states for which the problem is feasible:

x%} = {xo e R"

(depends on 14}, the dynamics, and on the horizon N)

z(0) = zo

z(N)=0
FuN () e U suchthat =t = f(z,u) }

@ If (z¢,u®) = (0,0) is an equilibrium pair then X%} - Xﬁﬁl VNEeEN

@ For N = 0, the set X%} can be initialized through X?O} = {0}
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Dynamic Programming & the Backward Recursion

Now, consider finite horizon OCP (for N € N and with X = {0}):

Vn(zo) = min _ Jn(zo,un(-))
un () eudy

subject to dynamics & initial cond., and z(N) = 0

@ The set of states for which the problem is feasible:

x%} = {xo e R"

(depends on U, the dynamics, and on the horizon N)

z(N)=0
FuN () e U suchthat =t = f(z,u)
z(0) = zo

@ If (x¢,u®) = (0,0) is an equilibrium pair then X%} - Xﬁﬁl VNEeEN

@ For N = 0, the set X%} can be initialized through X?O} = {0}
N

~ The principle of optimality can be used to iteratively compute X{O}
and V for N € N.
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Dynamic Programming & the Backward Recursion

Now, consider finite horizon OCP (for N € N and with X = {0}):
VN(zo)= min Jn(zo,un())
un () U

subject to dynamics & initial cond., and z(N) = 0
@ Reuwriting the optimal value function

@ The set of states for which the problem is feasible:

VN (zo) =
z(N)=0 min £(zo,u(0)) + Vy_ ,u(0
X0y = {xo € R"| FuN () e U suchthat =+ = f(zx,u) } u(0)€U (w0, u(0)) + Viv—1(f (wo, u(0)))
2(0) = o subject to - - - and f(zo,u(0)) € XN 71,

{0}
(depends on U, the dynamics, and on the horizon N)

® If (z¢,u%) = (0,0) is an equilibrium pair then XY, C X%Tl VNEN

@ For N = 0, the set X%} can be initialized through X?O} = {0}

~» The principle of optimality can be used to iteratively compute X%}
and Vi for N € N.
@ Note that the OCP is equivalent to

Vi (zo) = Ngl)iéluN L(z0,u(0)) + IN—1(f(z0,u(0)),un—1(- + 1))

subject to dynamics & initial cond., and z(N) € {0}.
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Dynamic Programming & the Backward Recursion

Now, consider finite horizon OCP (for N € N and with X = {0}):

Vn(zo) = min _ Jn(zo,un(-))
un () eudy

subject to dynamics & initial cond., and z(N) = 0

@ The set of states for which the problem is feasible:

X{oy = {wo -

(depends on U, the dynamics, and on the horizon N)

z(N)=0
JuN (1) e U suchthat =+ = f(zx,u)
z(0) = zo

{0}

@ For N = 0, the set X%} can be initialized through X?O} = {0}
N

~» The principle of optimality can be used to iteratively compute X{O}
and Vi for N € N.
@ Note that the OCP is equivalent to

Vi (zo) = Ngl)iéluN L(z0,u(0)) + IN—1(f(z0,u(0)),un—1(- + 1))

® If (z¢,u%) = (0,0) is an equilibrium pair then XY, C xN Ty NeN

subject to dynamics & initial cond., and z(N) € {0}.
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@ Reuwriting the optimal value function

VN (zo) =
ul(rg)igUf(wo, u(0)) + Vv—1(f (w0, u(0)))
subject to - - - and f(zo,u(0)) € XN 71,

{0}

~ If Viy_1 is known, Vy can be computed

by minimizing the OCP with respect to
u(0).

s IFXN=1is known, then XV, can be

{0} {0}

constructed
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Dynamic Programming & the Backward Recursion

Now, consider finite horizon OCP (for N € N and with X = {0}):

Vn(zo) = min _ Jn(zo,un(-))
un () eudy

subject to dynamics & initial cond., and z(N) = 0

@ The set of states for which the problem is feasible:

X{oy = {xo -

(depends on U, the dynamics, and on the horizon N)

z(N)=0
JuN (1) e U suchthat =+ = f(zx,u)
z(0) = zo

® If (z¢,u%) = (0,0) is an equilibrium pair then XY, C X]{\%l VNEN

@ For N = 0, the set X%} can be initialized through X?O} = {0}
N

~» The principle of optimality can be used to iteratively compute X{O}
and Vi for N € N.
@ Note that the OCP is equivalent to

Vi (zo) = Ngl)iéluN L(z0,u(0)) + IN—1(f(z0,u(0)),un—1(- + 1))

subject to dynamics & initial cond., and z(N) € {0}.
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Rewriting the optimal value function

VN (zo) =

u](rg)igUE(xo, u(0)) + Vy —1(f(0,u(0)))

N-1
and f(zo,u(0)) € Xioy
If Viy—_1 is known, V can be computed
by minimizing the OCP with respect to
u(0).

N—1: N
If X{O} is known, then X{O} can be
constructed
Note that the condition z(N) € {0} can
be replaced by alternative conditions on
the final state.

subjectto - - -
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Dynamic Programming & the Backward Recursion (Example)

Consider the discrete time system

zf:m1+2$2, x;:—xz—l—Zu

together with the running costs £(z, u) = u?

@ Initialize backward recursion: Vy(zo) = 0 and
Koy =10}
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Dynamic Programming & the Backward Recursion (Example)

@ N = 2: Optimization problem
Consider the discrete time system . 9 9
Vao(zo) =  min u(0)* 4+ u(1)
af = z1 + 20, o} = —zo+2u u(0),u(1)ER

j =—x1(1 0 2x2(0

together with the running costs 4(z, u) = u? subject to 8 B ﬂc1(1) * x1(0) + ;23 )
@ Initialize backward recursion: Vy(zo) = 0 and = —z2(1) —22(0) + 2u(0)

X‘{)O} = {0} 0= z1(1) + 222(1)

0=— 1 2u(l).
@ N = 1: Optimization problem z2(1) + 2u(1)

Vi(zo) = min  u(0)2 ~ Using the result from V1, i.e., uf (0) = u(1) = S22(1)
u(0)€R and z1 (1) = —2z2(1), then
subjectto 0 = z1(0) + 2z2(0) Va(zo) = min  u(0) + i22(1)2
0 = —z2(0) + 2u(0) u(0)ER
subjectto 0 = 2z2(1) + z1(0) + 2z2(0)

~+ Rearranging the equality constraints shows that
0= —x2(1) — 22(0) + 2u(0).

ur(0) = lwg 0 and thus Vi(zo) = le 0 2.
1 2 4
~ Eliminating z2(1):
Va(zo) = min_ u(0)2 + 1(—z2(0) + 2u(0))?
Xjoy = {z € R?| 21 = —22} u(0)€R 4
subjectto 0 = z1(0) + 4u(0).

~ Feasibility condition: z1(0) = —2z2(0), i.e.,
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Dynamic Programming & the Backward Recursion

(Example)

@ N = 2: Optimization problem

— : 2 1 2 s
Va(zo) woln u(0)” + u(1)

subjectto 0= —z1(1) + z1(0) + 2x2(0)
0= —z2(1) — z2(0) + 2u(0)
0=z1(1) + 2z2(1)
0= —x2(1) + 2u(1). -

~ Using the result from V1, i.e., uf (0) = u(1) = 3x2(1)
and z;1 (1) = —2z2(1), then

Va(zo) = Il(’)l)llElR u(0)? + ixQ(I)Q
subjectto 0 = 2z2(1) 4+ z1(0) + 2z2(0)
0= —z2(1) — 22(0) + 2u(0).
~ Eliminating z2(1):
Va(zo) = min - w(0)? + §(-22(0) + 2u(0))?
subjectto 0 = z1(0) + 4u(0).

Thus u3(+) is given by

5(

5(0) = —21(0),

u3(1) = ga2(1) = 3(=z2(0) + 2u3(0))
= —125(0) — 121(0).

The optimal value function V5 satisfies

Va(2(0)) = $521(0)? + (322(0) + 121(0))?
= §x1(0)2 -+ le(O)CEQ(O) -+ Z$2(0)2

<

The optimization problem is feasible for all
zo € X%O} = R?, i.e., the origin can be reached from

any point in two discrete time steps.

(This is consistent with the observation that for
controllable systems, in general n steps are
necessary to reach the origin from an initial state.)
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Dynamic Programming & the Backward Recursion (Example, 2)

Consider a general linear system
zT = Az + Bu,
z € R™, u € R™, together with quadratic running costs
L(z,u) = 2T Qx + uT Ru, Q€ S8%y, Re ST,
Here,

@ we drop the condition that = needs to reach the
origin in N steps. Instead we assume that the
system needs to be controlled for N € N discrete
time steps and the behavior of the dynamics
z(k) for k > N does not matter.

@ for N = 0 we initialize: Vo (zo) = z3 Poxo for
Py=0€S"andu*(k) =0forallk € N.
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Dynamic Programming & the Backward Recursion (Example, 2)

which simplifies to

Vi(zo) = min  ad Qzo + u(0)T Ru(0).
zt = Az + Bu, u(0)eu?

Consider a general linear system

z € R™, u € R™, together with quadratic running costs | Since R € S, the optimal input is given by u? (+;z0) = 0

U(z,u) =2TQz +uTRu, Qe S%, ReSY, and
Here, Vi(zo) = Przo = 23 Qo

@ we drop the condition that = needs to reach the For N =2:
origin in N steps. Instead we assume that the

_ : T T +

system needs to be controlled for N € N discrete Va(zo) = w2 ez 70 Qo +u(0)” Ru(0) + Vi(z™)

time steps and the behavior of the dynamics ) n

z(k) for k > N does not matter. subject to 7 = Axg + Bu(0)

@ for N = 0 we initialize: Vo (zo) = z3 Poxo for which can be rewritten as
— * —

Py=0€S™andu*(k) =0forall k € N. Va(wo) = min 8 Quo +u” Ru + (Azo + Bu)T Py(Azo + Bu)

For N = 1: wER™
: T T = min 22 (Q+ ATPIA— ATP,B(R+ BTP,B)"'BTP A)x
Vi(zo) = l?l)m L 0 Qo + w(0)T Ru(0) 4+ Vo (x™) wepm X0 1 1 1 14)Zo
ul(-)eu

+ ((R+ BTPiB)u — BT Pl Azo)T (R+ BT PLB)™!
-((R+ BT P1B)u — BT Py Axy).

subject to T = Axg 4+ Bu(0)
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Dynamic Programming & the Backward Recursion (Example, 2)

which simplifies to
We can thus conclude that

Vi(zo) = min 3 Qzo + u(0)T Ru(0). -
u}(0;20) = —(R+ BT PB) ' BT P, Axy

u(0)eU

~ Since R € ST, the optimal input is given by u}(+; z¢) = 0 and Vz(zo) = x§ P2zo where
and Py =Q+ATPLA—AT P, B(R+BTP,B)"'BT P, A
Vi(zo) = nglmo = ngxo

For N =2:
For N € N it holds that

us(O, .Io) = —(R + BTPNle)ilBTPNflAJJO

subject to T = Az 4+ Bu(0) and Vy (z0) = = Py xo for
which can be rewritten as

Va(zo) = min _ad'Qzo + u(0)T Ru(0) + Vi(z™)
u?(-)eu?

Py =Q+ATPy_1A-ATPy 4B

Va(zo) = min, 23 Qzo + uT Ru+ (Azo + Bu)T P1(Azo + Bu) (R+BTPy_1B)~" BT Py 1A

= min 2F(Q+ ATPiA— ATPiB(R+ BT PiB) 1 BT P A)xg
ueR™

+ ((R+ BTPB)u— BT P Azg)T (R+ BT P B)~! ~ If Py = Pn_1 thgn the algegraic Riccati equation
is recovere
-((R+ BT P1B)u — BT Py Axy).
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